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Exact solutions of traversable wormholes are found under the assumption of spherical symmetry 
and the existence of a non-static conformal symmetry, which presents a more systematic approach 
in searching for exact wormhole solutions. In this work, a wide variety of solutions are deduced 
by considering choices for the form function, a specific linear equation of state relating the energy 
density and the pressure anisotropy, and various phantom wormhole geometries are explored. A 
large class of solutions impose that the spatial distribution of the exotic matter is restricted to the 
throat neighborhood, with a cut-off of the stress-energy tensor at a finite junction interface, although 
asymptotically flat exact solutions are also found. Using the "volume integral quantifler," it is found 
that the conformally symmetric phantom wormhole geometries may, in principle, be constructed by 
infinitesimally small amounts of averaged null energy condition violating matter. Considering the 
tidal acceleration traversability conditions for the phantom wormhole geometry, specific wormhole 
dimensions and the traversal velocity are also deduced. 
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I. INTRODUCTION 



Traversable wormholes are hypothetical tunnels in 
space and time permitting effective 'superluminal 
travel', although the speed of light is not locally sur- 
passed [2j, and induce closed timelike curves appar- 
ently violating causality. These geometries are supported 
by material, denoted as exotic matter, that violates the 
null energy condition. In fact, they violate all the known 
pointwise energy conditions and averaged energy con- 
ditions, which are fundamental to the singularity theo- 
rems and theorems of classical black hole thermodynam- 
ics Although classical forms of matter are believed 
to obey these energy conditions [B], it is a well-known 
fact that they are violated by certain quantum fields, 
amongst which we may refer to the Casimir effect. The 
literature is rather extensive in candidates for wormhole 
spacetimes, and one may mention several cases, ranging 
from scalar fields wormhole geometries in higher di- 
mensions 0, Q , spacetimes in Brans-Dicke theory |9|] , so- 
lutions supported by semi-classical gravity (see Ref. 
and references therein), geometries in the context of non- 
linear electrodynamics [11], to wormholes supported by 
equations of state responsible for the accelerated expan- 



i [H, Q [H, etc. We refer the 
and references therein for more 



sion of the univers e 11/ 
reader to Refs. [1, Ui 
details. 

Essentially, wormhole physics is a specific example of 
adopting the reverse philosophy of solving the Einstein 
field equations, by first constructing the spacetime met- 
ric, then deducing the stress-energy tensor components. 
It is interesting to consider a more systematic approach 
in searching for exact solutions. For instance, one may 
adopt the approach outlined in Refs. [l^jliBli where the 
spacetime is assumed to be spherically symmetric and to 
possess a conformal symmetry. If the vector ^ generates 
this conformal symmetry, then the metric g is confor- 
mally mapped onto itself along ^. This is translated by 
the following relationship 
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where C is the Lie derivative operator and -0 is the con- 
formal factor. 

As emphasized in Ref. despite being essentially 
geometric in character, this approach is physically justi- 
fiable, namely, it is a generalization of self-similarity in 
hydrodynamics; and it also generalizes the property of 
the incompressible Schwarzschild interior solution which 
is conformally flat and therefore is characterized by an 
additional symmetry. Indeed, if the energy density is 
non-constant the spacetime is no longer conformally flat, 
see e. g. [l^. The above conformal symmetry has been 
of particular interest in the context of static and spher- 
ically symmetric perfect fluid solutions. In general, an 
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equation of state needs to be specified to close the sys- 
tem of differential equations, this choice, however, is an 
essentially non-geometric one. On the other hand, the 
conformal symmetry can be regarded as a geometrical 
equation of state closing the system of equations. 

The approach outlined in Ref. [13] considers a static 
conformal symmetry, i.e., a static ^, which is essentially 
responsible for the singular solutions at the stellar centers 
found. For this reason, non-static conformal symmetries, 
i.e., non-static ^ and static ip, were considered in Ref. 
[ri |. and we shall essentially follow this approach in this 
work, as it provides a wider range of exact wormhole so- 
lutions. We do, however, emphasize that the singular 
character of the solutions at the stellar center in Ref. 
[l7j need not be problematic in wormhole physics, due 
to the absence of a center, as the radial coordinate pos- 
sesses a minimum value, rg, denoted as the wormhole 
throat. Thus, we shall also briefly analyze the static f 
solution, namely, in the phantom wormhole context. It 
is interesting to note that an exact analytical solution 
describing the interior of a charged strange quark star 
was found [20| : solutions were also explored in brane- 
worlds [2l|; and also in the context of the galactic rota- 
tion curves [2^ . 

This paper is outlined in the following manner: In Sec- 
tion |TT1 the field equations are presented; in Section [1111 
exact general solutions are deduced using non-static con- 
formal symmetries; in Section IIVI a wide variety of so- 
lutions are deduced by considering choices for the form 
function, a specific linear equation of state relating the 
energy density and the pressure anisotropy, and various 
phantom wormhole geometries are explored; and in Sec- 
tion |V] we conclude. 



II. FIELD EQUATIONS 

The spacetime metric representing a spherically sym- 
metric and static wormhole is given by 



1 - b{r)/r 



(2) 



where $(r) and b{r) are arbitrary functions of the ra- 
dial coordinate, r, denoted as the redshift function, and 
the form function, respectively The radial coordinate 
has a range that increases from a minimum value at tq, 
corresponding to the wormhole throat, to a, where the 
interior spacetime will be joined to an exterior vacuum 
solution. Specific asymptotically flat wormhole geome- 
tries will also be considered, where r extends from the 
throat out to infinity. 

To be a wormhole solution, several conditions need 
to be imposed First, one needs to verify the ab- 
sence of event horizons, so that the redshift function 
$(r) is finite throughout the range of interest; In sec- 
ond place, the mathematics of embedding imposes a 
fiaring-out condition, translated by the following condi- 
tion, {b'r — b)/b'^ < 0, which reduces to 6' < 1 at the 



throat, and taking into account the field equations, it is 
this condition that implies the violation of the null energy 
condition, as shown below; The conditions (1 — 6/r) > 
and b{rQ) — vq at the throat are also imposed. 

Using the Einstein field equation, G^^ = T^i, (with 
= Stt and c = G = 1), we obtain the following non- 
zero stress-energy tensor components 
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where p{r) is the energy density, Prif) is the radial pres- 
sure, and pt{T) is the lateral pressure measured in the 
orthogonal direction to the radial direction. Note that 
the conservation of the stress-energy tensor, T^";^ — 0, 
provides the following relationship 



/ 

Pr 



(Pt-Pr) - {p+Pr)<^' ■ 



(6) 



A fundamental property of wormholes is the violation 
of the null energy condition (NEC), Tf^^k^k'^ > 0, where 
k^ is any null vector Q. From Eqs. (O and (g]), one 
verifies 



p{r)+pr{r) = — 
an 



b'r - b 



1-'-) ^ 
r I r 



(7) 



Taking into account the flaring-out condition and the fi- 
nite character of $(r), evaluated at the throat ro, we have 
p + Pr < 0. Matter that violates the NEC is denoted 
exotic matter. More specifically, in terms of the form 
fimction evaluated at the throat, we have b'{ro) < 1. 



III. CONFORMAL SYMMETRY 

Applying a systematic approach in order to deduce ex- 
act solutions, we shall take into account the method used 
in Ref. where the static and spherically symmetric 
spacetime possesses a non-static conformal symmetry. It 
should be emphasized that neither ^ nor tjj need to be 
static even though one considers a static metric. Note 
that Eq. ^ takes the following form 



9^11^, a £, + ffai/ £, ^ 9fj,a 



(8) 



We shall follow closely the assumptions made in Ref. [l8| , 
where the condition 



e = a(t, r)dt+l3it,r)dr 



(9) 
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is considered, and the conformal factor is static, i.e., = 
■ip{r). 

Taking into account metric then Eq. ([5]) provides 
the following solutions 



and 



„2<I.(r) 



C r exp I - — 



dr 



r\ 1 



Ml) 



(10) 

(11) 
(12) 



where A, B, C and k are constants. Note that, without 
a loss of generality, one may consider ^ = as Adt is 
a Killing vector, and _B = 1 by rescaling f and in the 
following manner: ^ — s- B^^^ and ■(/; ^ B'^^jj, which 
leaves Eq. ([8]) invariant. Thus, Eqs. ([9]) and pO| reduce 
to 



and Eqs. (in|)-(in]) take the form 



h{r) = r[l -i/)2(r)] 
1 



$(r) 



In(C^r^) - k 



dr 



b(r) 



(13) 

(14) 
(15) 



An interesting feature of these solutions that immediately 
stands out, by taking into account Eq. p^ . is that the 
conformal factor is zero at the throat, i.e., tpiro) — 0. 

The existence of conformal motions imposes strong 
constraints on the wormhole geometry, so that the stress- 
energy tensor components are written solely in terms of 
the conformal function, and take the following form 



p(r) 

Pr{r) 
Pt{r) 



1 



(l - 1/;^ - 2r%l;i}') , 
(SV-^ - 2k^ - 1) , 



(16) 
(17) 



{il? - 2ktp + k^ + 2rV'V'') • (18) 



The NEC violation, Eq. (O, for this case is given by 
1 



pir) +Prir) 



[2^(V -k)~ r(^2)'] , (19) 



which evaluated at the throat imposes the following con- 
dition (V-^)' > 0. 

Several solutions analyzed in this work are not asymp- 
totically flat, so that one needs to match these inte- 
rior geometries to an exterior vacuum spacetime. The 
spatial distribution of the exotic matter is restricted 
to the throat neighborhood, so that the dimensions of 



these wormholes are not arbitrarily large. For simplic- 
ity, consider that the exterior vacuum solution is the 
Schwarzschild spacetime, given by the following metric 

ds^^-(l- ^) df + + r^dn". (20) 

V r J \-2M/r ^ ' 

Note that the matching occurs at a radius greater than 
the event horizo n Vh — 2M, i.e., a > 2M. The Darmois- 
Israel formalism j23| then provides the following expres- 
sions for the surface stresses of a dynamic thin shell 

MM 



2M 



\/l + a^-V¥(aT 



V 



1_ M 



a 

=,2 



,(21) 



1 _ 2M 



aa 



ip' {a)aa 



(22) 



where the overdot denotes a derivative with respect to the 
proper time, r. a and V are the surface energy density 
and the tangential surface pressure, respectively. The 
static case is given by taking into account d = a = [1^ . 



IV. SPECIFIC SOLUTIONS 

A. Specific form functions 

In this section, we explore a wide variety of wormhole 
geometries by considering specific form functions. 



1. b{r) = ro 

A particularly interesting case is considering a zero 
energy density, which implies a constant form function. 
Considering b{r) — rg, and taking into account Eq. (|15p . 
we have 

-2k 

2*(r) r^2 2 I ^0 

e ^ ' = C r r 



(23) 



An interesting feature of this geometry is the specific case 
of fc = 1, which reflects an asymptotically flat spacetime, 
by normalizing the constant = 2, i.e., e^*^*"^ — > 1 
as r — > +00. For fc 7^ 1, we need to match this interior 
wormhole geometry to an exterior vacuum spacetime at a 
junction interface, where the surface stresses are provided 
by Eqs. ([2T|)-((22|). 

The stress-energy tensor components are given by, p = 
0, and 



1 /3rn-2r 



Pr ^ ^ 



1 /1 + k 



Pt ^ ^ 



r 



r 



r 



(24) 
(25) 
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where Pr —>^ and pt as r +oo. 



B. 



Specific equation of state: p = a{pt — Pr 



2. b{r) = rl/r 

Consider the case of h(r) = r^/r, which impHes a neg- 
ative energy density. From Eq. (|15p we have 



-2k 



(26) 



Note that as in the previous example, an asymptotically 
flat spacetime is found by considering fc = 1 and = 2. 
The stress-energy tensor components are given by 



Pr ^ ^ 



Pt 




which tend to zero as r ^ +oo. 



3. b{r) ^ro + 7^'^o(l - ro/r) 

An interesting form function is b{r) — ro + 7^ro(l — 
ro/r) [l^, with < 7^ < 1, with provides a positive 
energy density. From Eq. (fT5|l we have 



r ~ y(1 + 7^) + V(r-ro)(r-72ro) 



-2k 



(30) 

and as before, an asymptotically flat spacetime is found 
by considering fc = 1 and = 2. 

The stress-energy tensor components are given by 



As was pointed out in the Introduction, wormhole 
spacetimes are constructed mainly by designing an ap- 
propriate metric and followed by reconstructing the mat- 
ter part. An interesting solution is obtained by assuming 
that the anisotropy and the energy density are related by 
a linear equation of state. It turns out that an equation 
of state of the form p = a{pt — Pr) indeed yields exact 
solutions. 

In this case the resulting differential equation for the 
conformal factor yields a rather complicated expression. 
However, the form function admits the following solution 



b[r) 



l-a(l-Hfc^) 
(l-2a) ' 



r (1+°) 



(1 



(1 - 2a) 



(34) 



It is particularly interesting to note that this form func- 
tion satisfies the required wormhole conditions for a wide 
class of parameters a, which makes this model quite 
generic. Such wormhole models, where one assumes the 
above equation of state for the matter have not been 
studied previously. 



C. Conformally symmetric pliantom wormliole 

An interesting case is that of traversable wormholes 
supported by the dark energy equation of state in the 
phantom regime, uj = p^/ p < —1. Several physical prop- 
erties and characteristics have been extensively explored, 
and we refer the reader to Refs. [H, [l^ Note that 
taking into account the field equations ([3]) and ([4]), the 
phantom energy equation of state imposes the following 
relationship 



$'(r) 



2r2 (1 - h/r) 



(35) 



For the case of the non-static conformal factor we could 
only find one exact solution in terms of ^, namely if 
Lj ~ —3, which is treated in more detail below. 



Pt 



1 T^rg 

1 / 3ror(l -f 7^) - i^^rl - 2r^ 




1 + 7^1-^ 
r 



l + fc2-7'^ 



1 + 7^1-- 
r 



which tend to zero as r ^ -l-oo. 



(31) 



(32) 



(33) 



1. Static conformal symmetry 

Let us firstly consider that the components of Eq. ^ 
depend only on the radial coordinate, r. This corre- 
sponds to imposing fc = in the solutions given by Eqs. 
(|T3| and Note that the relationship HH) still holds, 
but the expression (|15|1 now provides the following red- 
shift function 



^2<I>(r) ^ ^2^2 



(36) 



Thus, the phantom energy differential equation (|35p. 
reduces to 



(1+^) - (3-t-^)V>2 



(37) 
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The solution for ilj{r) is given by 



y v3 + 



(38) 



where C is a constant of integration. Note that the solu- 
tion given by ([55)1 holds for cj 7^ 3 only. This case must 
be considered separately, see below. 

Taking into account Eq. (fTi]) . provides the following 
form function 



b{r) 



ro(l +uj) f r 



{3 + uj) \ro 



2r 
3 + uj 



(39) 



The constant of integration C is determined by imposing 
^(''0) = ''o- Note that 6'(ro) = 1/|^| < 1, which obeys 
the flaring out condition at the throat. One also needs to 
impose b{r) > (see Ref. [l^ for details) and b{r) < r, 
which is represented by the surface in Fig. [TJ Thus, one 
needs to match this solution to an exterior spacetime at 
a junction interface, a > 2M. 



2. Non-static conformal symmetry 

Let us now consider the specific non-static case where 
the energy density and the radial pressure given by (fTC)) 
and (fT7|) , respectively, are related by the equation of state 
ui = —3. In this case the conformal factor is given by 



ip{r) 



1 + Wix) 



1 



fcVa 



(43) 



where yV{x) is the Lambert W function [20|. As in the 
above, the constant of integration was chosen such that 
'(/'(ro) = 0, therefore, at the throat tq the form function 
satisfies b(ro) = rg. With the above solution one also ver- 
ifies that the form function obeys b'{ro) < 1. Moreover, 
let us also consider the case fc = 1. The limit r 00 cor- 
responds to a; ^ 0, which by definition of the Lambert W 
function implies >V(0) = 0. Hence, we conclude that the 
spacetime is also asymptotically flat and no further ex- 
terior matching is required for this conformal wormhole 
solution. 



b(r)/ro 




FIG. 1: The surface represents the adimensional form func- 
tion 6(r)/ro. Note that to be a wormhole solution one needs 
to impose < b{r) < r. 

For uj — —3 the phantom energy differential equation 
simplifies to 



1 



3r'0 ' 



(40) 



and yields the following solution for the conformal factor 



^(.)-±^^log(^). 
This gives the following form function 



&(r) 



- log ( — 

3 ^\ro 



(41) 



(42) 



where we have fixed the constant of integration as in the 
above. We verify that 6' = 1/3 and since for a wormhole 
solution b{r) > has to be imposed, we find that this 
solutions needs to matched to an exterior spacetime at 
some surface tq < a < roe^^^. 



3. Volume integral quantifier 

It is also interesting to consider the "volume inte- 
gral quantifier," which provides information on the to- 
tal amount of matter violating the averaged null en- 
ergy condition in the spacetime. This is defined by 
Iv — J[p{^) + Pr{r)]dV (see Ref. 27] for details), and 
with a cut-off of the stress-energy at a is given by 



(1-6') 



(r-b) 



In 



In 



l-b/r 
,2$ ^ ' 



dr 



l-b/r 



dr . 



(44) 



Taking into account the redshift function, Eq. (|36p . and 
the form function, Eq. ([39|) . and recalling that < — 1, 
one obtains the following solution for the volume integral 
quantifier 



Iv 



1 



■ IV 



2a - ro(3 + lu) + ro(l + lu) [ — 



To 



-3/u 



(45) 

Note that for a parameter lu arbitrary close to —1, the 
volume integral quantifier would by itself become in- 
finitesimally small, independently of the value of the 
matching radius a, although for this case the wormhole 
would ff are-out very slowly. Now taking the limit a — > rp, 
one verifies that /y ^ 0. Therefore, as in the examples 
presented in Refs. [13, [3 > '^^^ verifies that, in princi- 
ple, one may construct conformally symmetric phantom 
wormholes with vanishingly small amounts of phantom 
energy violating the averaged null energy condition. 
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4- Tidal acceleration restrictions 

An interesting constraint on the wormhole dimen- 
sions, in particular, on the throat radius may be inferred 
from the tidal acceleration restrictions The latter 
constraints as measured by a traveler moving radially 
through the wormhole, are given by the following inequal- 
ities 



b 

1 - - 
r 



7 

2^2 



b' 



b'r - b 
2r{r - b) 



2(r-6)$' 



W I <ffe,(46) 



h \<9<i 



(47) 



where rf is the separation between two arbitrary parts 
of his body measured in the traveler's reference frame. 
We shall consider \rf \ = \ri\, for simplicity. We refer the 
reader to Ref. [1] for details. The radial tidal constraint, 
inequality (j46p . constrains the redshift function; and the 
lateral tidal constraint, inequality (j47p . constrains the ve- 
locity with which observers traverse the wormhole. These 
inequalities are particularly simple at the throat, vq, 



\^'iro)\ < 



7 V < 



2.9e ^'o 
(l-fe')H 

(1 - 6') |,/| 



From the radial tidal condition 



one verifies 



> 



(48) 
(49) 

(50) 



Now, considering the equality case for simplicity, assum- 
ing that 1 77 1 « 2 m along any spatial direction in the trav- 
eler's reference frame, and inserting c for clarity, one ver- 
ifies that ro ~ c[(l -I- w)/(10u;)]-^/^. Note that one may 
obtain an arbitrary small wormhole throat radius by im- 
posing that w — > — 1. 

Analogously, from the lateral tidal condition and 
considering non-relativistic velocities, i.e., 7 ~ 1, one has 



(51) 



Considering the equality case in Eq. (l50l) . one im- 
mediately verifies the following consistency relationship, 
V <1. 



V. SUMMARY AND CONCLUSION 

The conventional manner of finding wormhole solu- 
tions is essentially to consider an interesting spacetime 
metric, and then deduce the stress-energy tensor compo- 
nents. In this work, we have considered a more system- 
atic approach in searching for exact solutions, namely, by 
assuming spherical symmetry and the existence of a non- 
static conformal symmetry. A wide variety of solutions 
with the exotic matter restricted to the throat neighbor- 
hood and with a cut-off of the stress-energy tensor at a 
junction interface were deduced, and particular asymp- 
totically flat geometries were also found. The specific so- 
lutions were deduced by considering choices for the form 
function, an equation of state relating the energy density 
and the anisotropy, and phantom wormhole geometries 
were also explored. 

Although the assumption of a static conformal sym- 
metry, i.e., with a static vector ^, was found responsible 
for the singular solutions at the center, we emphasize 
that this is not problematic to wormhole physics, due to 
the absence of a center. A wide variety of the solutions 
found in this work were considered by choosing a non- 
static conformal symmetry, i.e., with a non-static ^ and 
static ip. Note that this analysis could be generalized by 
imposing a non-static conformal function ijj{r, t), where a 
wider variety of exact solutions may be found. However, 
this shall be analyzed in a future work. 
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